Abstract. A theory of dipole flow is developed to model flow induced by a vertical circulation well consisting of injection and extraction chambers in a single borehole. Included in the theory are an analytical description of the kinematic flow structure around a vertical circulation well and the drawdown in the well chambers. Using Stokes' stream function, simple criteria are derived to determine the region of intensive recirculation. This region extends (from the dipole center) approximately five distances between chamber centers in the radial direction and two distances between chamber centers in both vertical directions. The vertical scale does not depend on anisotropy of hydraulic conductivity, and the radial scale is corrected for anisotropic aquifers. Based on these estimates, criteria are given for the selection of the appropriate aquifer model to employ in five settings, including infinite, semi-infinite confined, semi-infinite unconfined, finite confined, and finite unconfined aquifers. Applications of dipole flow theory are given for analytical estimation of the capture zone for recirculation wells and for simultaneous measurement of horizontal and vertical hydraulic conductivity in uniform anisotropic aquifers using steady state measurements of drawdown in the well chambers.
Introduction
During the last few years, analysis of flow around recirculation wells has become an important issue in subsurface hydrology [Herrling et al., 1991; Gvirtzman and Gorelick, 1992; Kabala, 1993; Falta, 1995] . A vertical circulation well is a vertical well consisting of two screened sections separated by an impermeable casing, with a small pump circulating water between the upper and lower chambers. These devices induce a flow characterized by no net withdrawal of water from the aquifer; in the absence of ambient flow, streamlines proceed from the injection chamber through the aquifer to the extraction chamber. Other types of recirculation wells are being explored [Gvirtzman and Gorelick, 1992; Falta, 1995] .
Flow induced by a combination of a point source (water injection) and a point sink (water extraction) is well known in hydrodynamics as a dipole flow [Milne- Thomson, 1960] . The flow field induced by recirculation wells differs somewhat from classic dipole flow because recirculation wells have finite radius, chamber length, and chamber separation and are placed in a specific setting necessitating consideration of the geometry of aquifer boundaries and hydrogeological conditions. In the following the term "dipole flow" will be used to denote the flow field induced in an aquifer (in the absence of ambient flow) by a combination of either a point source and sink or a uniformly distributed line source and sink, with finite separation between source and sink in both cases. Dipole flow provides an idealized model for the flow induced by recirculation wells [Zlotnik and Ledder, 1994] . ate flow patterns covering a limited region in the vicinity of the measuring device. Kabala [1993] has proposed the dipole flow test for measurement of horizontal hydraulic conductivity Kr, vertical hydraulic conductivity Kz, and specific storage coefficient Ss at a predetermined scale. Before the work of Kabala [1993] , analytical solutions for the drawdown and flow field induced by a recirculation well were not available. Previously, results were obtained through computer-intensive numerical simulations including detailed finite element and boundary element modeling and particle tracking methods [Herrling et Hantush's [1961] analytical solution to determine the chamber drawdown in recirculation wells in a confined or leaky confined aquifer. However, an analytical description of the kinematic structure of dipole flow or analysis of drawdown near the borehole was not given. These problems are important both for theory and practice. In this paper, new fully analytical expressions for drawdown and streamlines for dipole flow are derived. When aquifer boundaries are considered, the method of images [Muskat, 1937] will be used. Analytical description of the kinematic structure of the flow will be obtained using Stokes' stream function [Milne-Thomson, 1960; Bear, 1972] . In order to focus on the effect of the dipole, we will assume ambient flow is negligible and will start with the relatively simple case where there are no aquifer boundaries near the dipole. The effect of nearby horizontal boundaries will also be considered.
Applications of dipole flow theory will be given for typical recirculation wells where the chamber length is much larger than the well radius [Herrling et 
The Concept of the Region of Influence
This section deals with the description of the region of influence of a dipole consisting of a point source and a point sink, which is similar to that considered by MacDonald and Kitanidis [1993] .
A coordinate system is given in Figure la Taking the half distance between chamber centers L as a unit length scale, the radius of the region of influence can be estimated as a distance where the induced drawdown is roughly 1% of some reference value for the drawdown. The logical choice for a reference value is Sr (given in (4) In the sequel, we derive (with finite chamber length) well functions for an aquifer of infinite extent (case 1), a confined semi-infinite aquifer (case 2), and steady state flow in an unconfined semi-infinite aquifer (case 3, simplified), and we develop of a more exact criterion for estimation of the region of influence of a dipole. Using Stokes' stream function, an analysis of flow structure induced by a dipole will be given.
A general numerical algorithm for determining aquifer parameters using analytical expressions for transient drawdown for case 4 (generalizable to cases 1 and 2) is given by Kabala [1993] . The analytical expressions derived herein are accurate and simple; the computational efficiency of Kabala's algorithm for transient drawdown is thereby increased for cases 1 and 2.
For the sake of brevity, only expressions for the drawdown in the upper (extraction) chamber will be given; the formulas for drawdown in the lower (injection) chamber are analogous. For an infinite aquifer, drawdown induced by a dipole centered at z = 0 is an odd function of z, so that formulas for the lower chamber may be obtained directly from formulas for the upper chamber. 
Dipole Flow in an Aquifer of Infinite Extent

Local Transient Drawdown
We introduce the scaled radial coordiilatc p and parameter q, given by r Q P = a q 4rrKrA,
to simplify the notation for the problem (9) 
where Pw ---rw/a. 
Vertical and Horizontal Velocity Components
Influence of Aquifer Boundaries
We now consider briefly the case in which the dipole is located near an aquifer boundary; specifically, we assume a boundary at z = c (Figures lb and lc) . In this section a subscript I will be used to denote any results from the infinite aquifer model of the previous section.
If 
where W t is given by (36). Formulas for velocity components and the steady state formulas for drawdown and velocity components can also be obtained by superposition. According to formula (38), the impermeable boundary will cause the drawdown at z = c to be doubled compared to the same point in an infinite aquifer (since st(p, -z, t) = -st(p, z, t)), while at other points the mirror dipole will add a positive correction term smaller in magnitude than the infinite aquifer term &(p, z, t). The formula for the transient upper chamber drawdown can be obtained from (14) 
Results and Discussion
The analytical formulas for dipole flow characteristics are remarkably simple and important for both recirculation well design and aquifer parameter estimation. Of particular significance are formula (28) for steady state upper chamber drawdown and formula (37) for streamlines. Formula (28) for upper chamber drawdown is simpler than Kabala's [1993] infinite series formula, which has modest convergence. It lends itself to analysis of such factors affecting upper chamber drawdown as hydraulic conductivity, anisotropy, and dipole design parameters. 
Results for streamlines previously could be obtained only by
Flow Field in an Infinite Aquifer
The geometry of the region of intensive recirculation is of particular interest. caution. Note that for the ranges of parameter values used in Figure 3 , the simple asymptotic formula (28) provides a very good approximation to the more complicated formula (24).
Flow Field in a Semi-Infinite Aquifer
The steady state flow field induced by a dipole in a semiinfinite aquifer is compared to that for an infinite aquifer in Figure 4a 
The drawdown in the far field is examined in Figure 5a with a comparison of the results for infinite (formula (12)) and confined (formula (39)) aquifers for points roughly located near the apex of the 70%, 80%, and 90% streamlines. The confining layer does not affect the flow in the earliest stages; the degree to which the flow is ultimately affected depends on the distance from the point being considered to the center of the mirror dipole at (0, 2c).
The transient effect of the confining layer on the upper chamber drawdown is shown in Figure 5b . Here we see that the effect of a confining layer located at c = 5L is immeasurably small, and even the effect of a layer at c = 2L is not significant. that the dipole chamber length can be neglected in estimation of the region of influence, but it is important in estimation of the flow in the immediate vicinity of the dipole chambers and particularly for the chamber drawdown.
For the practically important case when the chamber length is much larger than the well radius, simple formulas show the dependence of the upper chamber drawdown on the chamber length, radius, and interchamber distance. The steady state drawdown is seen to be logarithmicly dependent on the anisotropy ratio. Methods for identifying the horizontal hydraulic conductivity and the anisotropy ratio might be based on the formulas for steady state upper chamber drawdown. 
